ABSTRACT. We prove that for 1-motives defined over an algebraically closed subfield of C, viewed as Nori motives, the motivic Galois group is the Mumford-Tate group. In particular, the Hodge realization of the tannakian category of (Nori) motives generated by 1-motives is fully faithful.
INTRODUCTION
In this note, we prove that the motivic Galois group of any 1-motive defined over an algebraically closed subfield of the field of complex numbers equals its Mumford-Tate group.
The notion of 1-motive, due to P. Deligne [12] , has several aspects: on one hand it is a formal way of expressing problems about points on a semiabelian variety; on the other hand, as a "mixed" generalization of abelian varieties, it has played a crucial role in shaping the theory of weights in arithmetic geometry and providing a first instance of mixed motive.
Nowadays, a full-fledged tannakian theory of mixed motives over a field k of characteristic zero is available, in two different (but canonically equivalent) versions due to M. Nori and J. Ayoub respectively [16] [4] (see [2] for a survey). Motivic Galois groups are understood in this context. For k ⊂ C, this tannakian category M M (k) admits a fiber functor to the tannakian category of mixed Hodge structures, and a version of the Hodge conjecture (Hodge-Nori conjecture [3] ) predicts that it is full if k is algebraically closed. A more precise version, in terms of tannakian groups, predicts that the motivic Galois group equals the Mumford-Tate group.
In [1] , we proved this version for abelian varieties in a different, but equivalent setting (see [3] ). Here, we extend the result to 1-motives, viewed as objects of M M (k).
This confers a genuine motivic content to the description of Mumford-Tate groups of 1-motives [8] , and in particular to the notion of deficiency [9] . This should also shed some light on P. Jossen's work on the Mumford-Tate conjecture [15] and on recent works on periods of 1-motives (see e.g. [14] ).
In the prehistory of the theory of motives, one was limited to morphisms of systems of realizations (a.k.a. absolute Hodge cycles) instead of morphisms of "geometric origin" (as should be genuine motivic morphisms, in some way). In that context, Deligne proved that the absolute Hodge tannakian group attached to any complex abelian variety is its Mumford-Tate group, and J.-L. Brylinski extended this result to 1-motives. Our result enhances this to the genuine motivic context and our argument is completely parallel, replacing Deligne's result by the stronger fact that any Hodge cycle on a complex abelian variety is motivated [1] and mimicking Brylinski's deformation argument, thanks to a motivic version of the "theorem of the fixed part" due to Nori, Jossen and Ayoub (independently). This parallel relies upon delicate compatibilities between different motivic settings [6] [3] [11] .
2.
Let k be an algebraically closed subfield of C. Let M M (k) be the tannakian category of Nori motives with rational coefficients, with fiber functor R B : M M (k) → V ec Q given by the Betti realization [16] [13] (see also [7] for a new viewpoint on the tensor structure). It is canonically equivalent to the tannakian category of mixed motives (with its Betti realization) constructed by Ayoub in [4] out of Voevodsky's triangulated category (see [11] ). The Betti realization is canonically enriched as a fiber functor R H : M M (k) → M HS to the tannakian category of rational mixed Hodge structures (Hodge realization).
According to [3, 6.4 ] (see also [13, 10.2] ), the tannakian subcategory M (k) of M M (k) consisting of semisimple objects is canonically equivalent to the category of pure motives constructed in [1] (morphisms given by motivated correspondences).
On the other hand, the Q-linear abelian category of Deligne 1-motives up to isogeny is canonically equivalent to a full subcategory M M (k) 1 of M M (k): this is the thick abelian subcategory generated by motives of the form h 1 (X, Y ) and the unit motive Q(0) [6, 6.1]. Any semisimple object of M M (k) 1 is isomorphic to a direct sum in M (k) of the motive h 1 (A) of an abelian variety and copies of Q(0), Q(1).
According to [6, 6.9] , the composed functor
HS is the (rational) Hodge realization of 1-motives constructed by Deligne [12] . This is a fully faithful functor.
We denote by M M (k) Let M = [L → G] be a 1-motive, given by a lattice L and a morphism from L to a semi-abelian variety G, extension of an abelian variety A by a torus T . According to the theorem, the tannakian subcategory of M M (k) ⊗ 1 generated by M is ⊗-equivalent to the tannakian subcategory of M HS generated by R H (M ). By tannakian duality, this shows that the morphism from the Mumford-Tate group of M to the motivic Galois group of M is an isomorphism.
Corollary. The tannakian subcategory of M M (k)
⊗ 1 consisting of semisimple objects is canonically equivalent to the tannakian subcategory of M (k) generated by the motives of abelian varieties.
3.
By [1, 0.6.2] and by the identifications indicated above, the theorem holds for the tannakian subcategory of semisimple 1-motives (up to isogeny), in particular for the tannakian subcategory generated by the 1-motive
Note that the image of M 0 in M M (k) 1 is the semisimplification of the image of M . Let P be the Mumford-Tate group of M , and let us fix a polarization of M (hence of A). also [15, 1.8]) . The 1-motive M (resp. M 0 ) is a fiber of M at a k-point x (resp. x 0 ) of X. The "mixed Shimura variety" X is just a torus bundle over an abelian variety, analytically isomorphic to W −1 P (Z)\W −1 P (C)/(F 0 ∩ W −1 P (C)). In particular the monodromy of the family at x 1 is given by the natural action of W −1 P (Z) on H(M ) and its Zariski envelop is the connected group W −1 P . Any Hodge (i.e. Pinvariant) tensor is thus invariant under monodromy. The point x is "Hodge-generic" in the family in the sense that the Mumford-Tate group of M x = M is maximal, equal to P .
Let L be a P -stable line in some mixed tensor construction T • R B (M ) over R B (M ) (with Tate twists). By (Tate) twisting, one reduces to the case where L is P -invariant, i.e. generated by a Hodge tensor. We have to show that L is the realization of unit submotive in T
• M , knowing that its parallel transport to x 0 is the realization of a unit submotive in Application: let M ∈ M M (X) be the motivic local system attached to the family of 1-motives of the lemma. Let N ∈ M M (X) correspond to the representation of G mot (M, x) generated by L inside T
• R B,x (M) = T • R B (M ). Because L is fixed by G mon (N , x), it follows from the first part of the proposition that R B (N ) is a constant local system. By the second part, N itself is constant. Since R B,x0 (N ) contains the parallel transport of L at x 0 which is the realization of a unit submotive in N x0 ⊂ T
• M 0 , we conclude that L is the Betti realization of a unit submotive in N x ⊂ T
• M (which coincides a posteriori with N x itself). This proves the theorem.
One may wonder 3 whether there is a more direct alternative argument by (weight) devissage rather than by deformation.
